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Abstract13
In this paper, a probabilistic approach is proposed for quantifying the variability of the tillage forces for the14
shank of a chisel plough with narrow tines and to estimate the failure probability. An existing three-15
dimensional analytical model of tool forces from McKyes was used to model the interaction between the16
tillage tools and the soil. The variability of tillage forces was modeled, taking into account the variability of17
soil engineering properties, tool design parameters and operational conditions. The variability of the soil18
engineering properties was modeled by means of experimental observations. The dispersion effect of each19
tillage system parameter on the tillage forces was determined by a sensitivity analysis. The results show that20
the variability of the horizontal and vertical forces follows a lognormal distribution ((ߤ ൌ ͲǤͺ ͹ʹ ǡߦൌ ͲǤͶͶͻ);21 (ߤ ൌ ͲǤͲͲͶǡߦൌ ͲǤͶͶ͹)) and the relationship between these forces is positive and quasi-linearሺߩ( ுܲ ǡܲ ௏) =22 0.93). This lognormal variability was integrated into the estimation of the failure probability for the shank by23
using Monte Carlo simulation (MCS) and the first-order reliability method (FORM). The results obtained by24
these two methods, with the assumption of non-correlation between the horizontal and vertical forces, were25
almost identical. However, the FORM method was faster and simpler, compared to the MCS technique.26
Furthermore, the correlation between the horizontal and vertical forces has no significant effect on the failure27
probability, regardless of the correlation strength. Therefore, it is concluded that the FORM method can be28
used to estimate the failure probability without considering the correlation between horizontal and vertical29
forces.30
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1. Introduction32
Accurate prediction of the forces of tillage implements is of great value to both implement designers and33
farmers (Desbiolles et al., 1997). There are many available soil cutting models that can be used to predict the34
forces acting on a tillage tool (Zhang and Kushwaha, 1995). Analytical and numerical modeling methods are35
differently used approaches to achieve this goal. In the analytical methods, soil-tool forces are considered as36
functions of three categories of variables, namely soil engineering properties, tool design parameters and37
operational conditions. Soil engineering properties are conventionally considered to be constant, reflecting a38
homogeneous soil profile, and tillage forces are calculated for assigned tool design parameters and39
operational conditions (Godwin, 2007; Godwin and O'Dogherty, 2007; Godwin et al., 2007). When40
numerical methods, such as the finite element method (FEM), are adopted to model the soil-tillage tool41
interaction, two different theoretical approaches can be introduced, namely, the curve-fitting technique and42
the elastic-perfectly plastic assumption (Mouazen and Neményi, 1998). The elastic-perfectly plastic method43
considers Young's modulus of elasticity and Poisson's ratio as constants, while the curve-fitting method only44
accounts for a variable Young’s modulus as a function of load history (Chi and Kushwaha, 1991). For both of45
these FEM methods, the soil is treated as a homogeneous body during the FEM analysis, with very few46
exceptions. Mouazen and Neményi (1999) developed a three-dimensional FEM model for cutting non-47
homogeneous (vertically) sandy loam soil by a subsoiler. The non-homogeneity in the soil was proposed to48
simulate the differences in soil strength among different soil layers. However, they considered Young's49
modulus of elasticity and Poisson's ratio as constant in the FEM analysis. Moreover, Fielke (1999) studied50
the effect of a variable Poisson's ratio on tillage forces and soil movement around the cutting edge. Recently,51
the discrete element method (DEM) has been used to model the interactions between the soil and52
tillage tools. This method is based on a promising approach for constructing a high-fidelity model53
to describe the soil-tillage tool interaction (Shmulevich, 2010). However, the determination of54
model parameters to control the soil void ratio and the shape of particles, as well as, the modeling55
of breakage and the formation of agglomerates are still of great challenges and limit the DEM56
application for practical engineering problems.57
In reality, soil is neither a continuous nor a homogeneous mass, but a three-phase medium consisting of solid,58
liquid and gaseous particles (Klenin et al., 1985; McKyes, 1989). Consequently, soil engineering properties59
are variable in both vertical and horizontal directions (Kai et al., 2007). Estimating tillage forces using60
analytical or numerical methods with the assumption that soil engineering properties are constant does not61
reflect the nature of soil. Therefore, a new approach is needed for quantifying the variability of tillage forces62
due to variability of tillage system parameters that is associated with probability of soil failure.63
64
This study aims to overcome the drawbacks of classical design approaches, by explicitly taking into account65
the variability of design variables, and to calculate the failure probability for passive tillage tools. The66
objectives of this work are to: 1) propose a method for accurate modeling the variability of soil engineering67
properties (soil weight density, cohesion, internal friction angle, soil-tool friction angle and soil-tool68
adhesion), 2) develop a simple method for determining the dispersion effects of soil engineering properties,69
tool design parameters (tool width and rake angle) and operational conditions (tool working depth, surcharge70
pressure and tool speed) on tillage forces, 3) propose a methodology for quantifying the variability of tillage71
forces and 4) estimate the failure probability using the Monte Carlo simulation (MCS) technique and the72
first-order reliability method (FORM).73
74
3. Materials and methods75
3.1 Estimating tillage forces76
McKyes and Ali’s model (1977) was used to estimate the forces acting on a tillage tool. We selected this77
model because it is simple and accurate (Zhang and Kushwaha 1995), and has shown good agreement with78
experimental results, especially at low speeds (Grisso and Perumpral, 1985). For improving the estimation of79
tillage forces, the effects of soil-tool adhesion (McKyes, 1985) and tool speed (Onwualu and Watts, 1998)80
were taken into account. The total force can be written according to the general earth pressure model as:81
ܲ ൌ ൫݀ߛ ଶܰఊ ൅ ܿ݀ܰ௖൅ ௔ܿ݀ܰ௖௔ ൅ ݀ݍ ܰ௤ ൅ ߛݒ
ଶ݀ܰ௔൯ݓሺͳሻ
whereܲ is the total force in kN, ߛis the soil specific weight in kN. mିଷ, ݀ is the tool working depth in m, ܰఊ82
is the gravity coefficient (dimensionless), ܿ is the soil cohesion in kPa, ܰ௖ is the cohesion coefficient83
(dimensionless), ௔ܿ is the soil-tool adhesion in kPa,ܰ ௖௔ is the adhesion coefficient (dimensionless), ݍ is the84
surface surcharge pressure in kPa, ܰ௤ is the surcharge pressure coefficient (dimensionless), ݒis the tool85
speed in m. sିଵ, ܰ௔ is the inertial coefficient (dimensionless) and ݓ is the tool width in m.86
Dimensionless coefficients ሺܰ ఊǡܰ ௖ǡܰ ௖௔ǡܰ ௤ǡܰ ௔) can be determined with respect to the soil failure pattern87
proposed by McKyes and Ali (1979), and a simplified form of the total force can be given by Equation (2):88
ܲ ൌ ቈ
12ߛݎ൬ͳ൅ ʹݏ͵ݓ൰൅ ܿቀͳ൅ ݏݓቁ cos(߶)sin(ߚ௥) sin(ߚ௥ ൅ ߶) െ ௔ܿ cos(ߙ൅ ߚ௥൅ ߶)sin(ߙ) sin(ߚ௥ ൅ ߶) ൅ ݍቀͳ൅ ݏݓቁݎ݀
൅ ߛݒଶቀͳ൅
ݏ
ݓ
ቁቆ(ߙ) + cot(ߚ௥ ൅ ߶)tan(ߚ௥) cot(ߙ)ቇ቉ ݀ݓcos(ߙ൅ ߜ) + sin(ߙ൅ ߜ) cot(ߚ௥ ൅ ߶) (2)
where ݎis the distance from the tool to the forward failure plan in m, ݏis the width of the side crescent in m,89
߶ is the angle of internal friction in deg, ߚ௥ is the rupture angle in deg, ߙ is the rake angle of the tool from90
the horizontal in deg and ߜ is the angle of soil-tool friction in deg.91
Furthermore, the width of the side crescent was calculated using an empirical regression equation92
recommended by Kuczewski and Piotrowska (1998), and the rupture angle ߚ௥ was obtained by minimizing93
the total force (Grisso et al., 1980; Zhang and Kushwaha, 1995). The horizontal and vertical forces were94
calculated using the following two equations, respectively (McKyes, 1985):95
ுܲ ൌ ܲ(ߙ ൅ ߜ) ൅ ௔ܿ݀ݓ (ߙ) (3)
௏ܲ ൌ ܲ(ߙ ൅ ߜ) െ ௔ܿ݀ݓ ሺͶሻ
where ுܲ is the horizontal force in kN and ௏ܲ is the vertical force in kN.96
According to Equations (2), (3) and (4), the tillage system parameters considered for the calculation of the97
horizontal and vertical forces can be grouped into three main categories: soil engineering properties, tool98
design parameters and operational conditions.99
3.2 Modeling the variability of tillage system parameters100
Over the years, many methods and techniques have been developed for modeling the variability of a random101
variable depending on the number of data points and assumptions about the shape of the underlying102
distribution (Siegel and Castellan, 1988; Nikolaidis et al., 2005). In this work, a combination of graphical and103
quantitative techniques for modeling the variability of soil engineering properties is proposed. An illustration104
of these techniques is shown in Fig. (1). This approach provides an accurate estimation for the variability of105
soil engineering properties and allows one to select the best probability distributions that can simulate the106
variability of these properties. An empirical relationship for determining the number of intervals of the107
histograms of soil engineering properties was used (Haldar and Mahadevan, 2000a). Two statistical tests108
were implemented for selecting the probability distributions of these properties, namely the chi-square test109
and the Kolmogorov-Smirnov test (Ang and Tang, 1975). A total of 57 variations of soil engineering110
properties, representing 57 different soil samples collected from the literature (Appendix I), were considered111
for implementing our mixed technique approach (Abo Al Kheer et al., 2007). These data represent different112
soil texture types, namely sandy loam, clay loam, sandy clay loam, clay, and sand.113
The variability of tool design parameters and operational conditions were modeled after proposing the114
following two assumption: 1) the tool width and rake angle have uniform distributions with lower and upper115
bounds, based on the manufacturing accuracy and 2) the tool working depth, surcharge pressure and tool116
speed have normal distributions with standard deviations equal to 5% of their mean values. Usually, a117
uniform distribution is used to model the variability associated with manufacturing processes, and a normal118
distribution is used to model the variability of a random variable when no data are available (Haldar and119
Mahadevan, 2000a; Fox, 2005).120
3.3 Sensitivity analysis121
Sensitivity analysis aims at studying the relationships between the output and input variables. Differential122
sensitivity analysis is considered to be the most commonly employed method in sensitivity analysis (Irving,123
1992). This method deals with local sensitivity analysis by focusing on the evaluation of the partial124
derivatives ߲݂ ߲ݕ⁄ of the function f. Many approximation methods are used to calculate the partial125
derivatives of f . Forward, backward and central differences are the three most common forms. The central126
difference method requires more computing time, but it yields a more accurate approximation. Therefore, this127
method was used in this work to calculate the partial derivatives of the horizontal and vertical forces for the128
mean values of the tillage system parameters, and for a constant change equal toοݕ௜ൌ ͲǤͲͲͳݕ௜whereݕ௜ is a129
tillage system parameter.130
However, differential sensitivity analysis leads to a local sensitivity analysis at mean values of the input131
random variables and does not take into account the dispersion effects of these variables. Therefore, we132
propose a new sensitivity method to overcome this limitation. The main advantage of the proposed method is133
its simplicity, compared to other available methods, such as the variance-based sensitivity. Its main drawback134
is that it cannot take into account correlations between random variables. However, the proposed method135
provides more accurate estimations for the dispersion effects of tillage system parameters than the classical136
differential sensitivity methods.137
This method, which consists of two main steps, is shown in Fig. (2). In the first step, the confidence interval138
bounds (ݕ௠ ௔௫ǡݕ௠ ௜௡) were computed for each tillage system parameter according to Equation (5) and (6). The139
values of the confidence interval bounds depend on the probabilistic characteristics (distribution type and140
distribution parameters) of each parameter. The higher the dispersion of a parameter, the greater the141
difference between the confidence interval bounds.142
Pr[ݕ ൑ ݕ௠ ௜௡] ൌ ߙ ʹ⁄ (5)143
Pr[ݕ ൒ ݕ௠ ௔௫] ൌ ͳെ ߙ ʹ⁄ (6)144
where Pr[∙] is the probability operator, ݕ௠ ௔௫ is the upper confidence interval bound, ݕ௠ ௜௡ is the lower145
confidence interval bound and 100(ͳെ ߙ)% represents the confidence interval.146
In the second step, the differences between the maximum and minimum values of the tillage forces were147
calculated in the confidence interval of each tillage system parameter. These differences indicate the148
dispersion effects of the tillage system parameters on the tillage forces. The greater the difference between149
the maximum and minimum values of the tillage forces, the greater the influence of the variability of the150
tillage system parameters on the tillage forces.151
The relationships between the tillage forces and the tillage system parameters show that152
ுܲ൫y௜൯andܲ௏൫y௜൯are either increasing or decreasing functions (Appendix II). Therefore, the dispersion153
effects of the tillage system parameters were estimated by computing the differences between the tillage154
forces at the maximum and minimum value for each tillage system parameterሺݕ௠ ௔௫ǡݕ௠ ௜௡). The confidence155
interval was selected to be 95%. For the bounded probability distributions (uniform distribution …),156
ݕ௠ ௔௫ andݕ௠ ௜௡ represent the two limits of the random variable.157
3.4 Quantifying the variability of tillage forces158
We propose a methodology, shown in Fig. (3), for quantifying the variability of tillage forces based on the159
MCS technique. The number of generated values (n) was chosen to obtain an accurate correlation coefficient160
between the horizontal and vertical forces. This methodology consists of the following steps:161
1- Generate n values for each tillage system parameter according to its probabilistic characteristics.162
2- Compute the total force ܲ according to Equation (2) for different values ofߚ௥ሺߚ௥ ∈ [0 − 90°]), for the set163
of tillage system parameters obtained in step 1. This is followed by the selection of the minimum value164
ofܲ to respect the passive earth pressure theory and the corresponding value ofߚ௥.165
3- Calculate the horizontal and vertical forces according to Equations (3) and (4), respectively.166
4- Repeat Steps 1, 2 and 3 for each set of tillage system parameters.167
5- Calculate the mean and variance values for the horizontal and vertical forces, and then apply the goodness-168
of-fit tests to select the distribution that can best model the variability of these forces.169
6- Compute the correlation coefficient between the horizontal and vertical forces, required to calculate the170
failure probability, according to Equation (7).171
Corr( ுܲ ǡܲ ௏) ൌ ߩ( ுܲ ǡܲ ௏) = Cov( ுܲ ǡܲ ௏)
ඥVar( ௏ܲ)Varሺܲ ௏) (7)
where Corr( ுܲ ǡܲ ௏) is the correlation coefficient between the horizontal and vertical forces, Cov( ுܲ ǡܲ ௏)is172
the covariance between the two forces and Var(∙) is the variance of a random variable.173
These steps were applied to quantify the variability of tillage forces for the shank of a chisel plough, as174
shown in Fig. (4). In fact, the relative positions of tines on a tool frame both laterally and in the direction of175
motion have a significant effect on tine forces (Godwin and O'Dogherty, 2007). For simplicity, the variability176
of tillage forces for only one shank was quantified, without considering the effects of tine interactions.177
3.5 Failure probability178
Failure probability is always associated with a particular performance criterion that defines a certain limit179
state function G({x}, {y}) = 0 in physical space, where {x} is a vector of deterministic variables and {y} is a180
vector of random variables. The limit state function represents the surface between the safe region181
G({x}, {y}) > 0 and the failure region G({x}, {y}) < 0. Conventionally, failure probability can be calculated182
by using the following integral:183
fܲ = Pr[G({x}, {y}) < 0] ൌ න ڮ න f{y}
G({x},{y})ழ଴ ൫y1,⋯,yn൯dy1⋯dyn (8)
where Pf is the failure probability, f{y}(y1,⋯,yn) is the joint probability density function for the random184
variables {y} and Pr[.] is the probability operator when the integral is performed over the failure region185
G({x}, {y}) < 0.186
In general, evaluating the integral in Equation (8) is not simple because it represents a very small quantity187
and all of the necessary information for the joint density function is not available. Even if this information is188
available, evaluating the multiple integral is extremely complicated (Haldar and Mahadevan, 2000b; Radi and189
El Hami, 2007). Therefore, several analytical approximations of this integral are used to evaluate failure190
probability, namely, the FORM and the second-order reliability method (SORM), which are considered to be191
reliable computational methods (Zhao and Ono, 1999; Kharmanda et al. 2004). These methods are based on192
the determination of the design point ܲ ∗ and a calculation of the reliability index ߚ in normalized space (Fig.193
5). The design pointܲ ∗, also called the most probable point of failure, represents the worst combination of194
the random variables and the search of design point in normalized space is an optimization problem. The195
reliability index ߚ is the minimum distance from the origin of the axes in the normalized space to the limit196
state surface. The failure probability can be calculated, according to the FORM method byܲ௙ிைோெ =197
Φ(െߚ), where Φ(∙) is the cumulative distribution function of a standard normal distribution. However,198
analytical approximation methods require a background in probability and statistics. Other simulation199
techniques can be used to evaluate failure probability with only a minimal background in probability and200
statistics, but these methods require more computing time as compared to analytical approximation ones. The201
method commonly used for this purpose is the MCS technique.202
Correlations between some or all random variables {y} in the limit state function G({x}, {y}) may modify the203
failure probability of a structure (Haldar and Mahadevan, 2000b). To estimate the failure probability when204
taking into account correlations between random variables, the correlated random variables should be205
converted into non-correlated normalized variables, and the original limit state function, which is expressed206
in terms of correlated random variables, must be rewritten in terms of non-correlated normalized variables.207
Two transformations were used for this purpose (Der Kiureghian and Liu, 1986; Liu and Der Kiureghian,208
1986). The first one transforms the correlated random variables to correlate reduced variables and the second209
one transforms the correlated reduced variables to uncorrelated reduced variables.210
A structure should be designed so that its strength is greater than the effects of the applied forces. Therefore,211
the limit state function of the studied shank, shown in Fig. (6), can be written analytically as:212
G({x}, {y}) ൌ ߪ௔ௗ − 6ܾ݄ଶ൤(ܮଶ ൅ ܮସ) ுܲ + ܮସtan(ߙ) ௏ܲ൨൅ 1ܾ݄ ுܲ ≥ 0                                                (9) 
where σୟୢ is the allowable stress in MPa, ܾ݄ are the dimensions of a shank section in mm, ܮଶ is the213
shank length in mm, ுܲ and ௏ܲ are the horizontal and vertical forces in kN, ܮସ is the distance from the214
horizontal force to the tool side in mm and ߙ is the rake angle in deg.215
The same method used in Section 3.3 was used here to determine the dispersion effects of the input random216
variables ሺߪ௔ௗǡܲ ு ǡܲ ௏ǡܾ ǡ݄ ǡܮଶǡܮସǡߙሻ on the limit state function. The allowable stress was considered as217
constantሺߪ௔ௗ = 235 MPa). The probability distributions ofܾ ǡ݄ andܮଶ were defined as uniform218
distributions with lower and upper bounds, based on the manufacturing accuracy, of ±0.1mm. We assume219
that ܮସ has a normal distribution with a coefficient of variation equal to 0.05. The variability of the rake angle220
was considered during the modeling of the variability of tillage forces (Section 3.4), so it is considered here221
as a deterministic variable.222
The results obtained from the sensitivity analysis study show that only ܮଶ and α can be considered as223
deterministic variables, so the other variables were taken as random variables during the reliability analysis.224
The vectors of deterministic and random variables are given by Equations (10) and (11).225
{x} = (ߪ௔ௗǡܮସǡߙ) (10){y} = ( ுܲ ǡܲ ௏ǡܾ ǡ݄ ǡܮଶ) (11)
To evaluate failure probability for the studied shank, one million simulation cycles were used to perform the226
MCS technique. Meanwhile, the sequential quadratic programming (SQP) algorithm was used to determine227
the design point and to compute the reliability index according to the FORM method.228
229
4. Results and discussion230
4.1 Probabilistic characteristics of soil engineering properties231
Histograms and PDFs of soil engineering properties are shown in Fig. (7), and their probabilistic232
characteristics are given in Table (1). It is worth noting that the soil engineering properties do not have the233
same probability distributions and that only the internal friction angle has a normal distribution. In addition, it234
is noted that the histogram shapes are non-homogeneous, particularly the histograms of the external friction235
angle and soil-tool adhesion. This is most likely due to the following: 1) an insufficient sample size is236
considered in this work, 2) the samples are not representatives of real soil textures or 3) there are inter-237
correlations between the soil engineering properties. However, from a statistical point of view, 57 samples238
are sufficient to model the variability of a random variable. As mentioned in the report of Fox (2005), a set of239
25 samples or more is sufficient to obtain an accurate estimation of the variability of a random variable. In240
order to improve the estimation of the variability of soil engineering properties, a larger number of samples241
should be employed and the inter-correlations between these properties should be investigated.242
4.2 Effects of the variability of tillage system parameters on tillage forces243
The effects of the variability of soil engineering properties, tool design parameters and operational conditions244
on tillage forces, using differential sensitivity analysis and the proposed method, are shown in Table (2).245
According to the results of differential sensitivity analysis, we observe that the influence of the variability of246
the rake angle on the horizontal force is larger than the influence of the variability of the other variables,247
whereas the vertical force is most influenced by the variability of the internal friction angle. The influences of248
the variability of soil-tool adhesion and surcharge pressure are very small as compared to the influences of249
the variability of the other variables. These results are in agreement with many works reported in the250
literature (McKyes and Ali, 1977; Godwin and O'Dogherty, 2007).251
In contrast, the proposed method shows that the effect of the variability of soil cohesion on both the vertical252
and horizontal forces is the largest as compared with the effects of the variability of the other variables. This253
is caused by the high dispersion of the soil-tool adhesion values around the mean value. Furthermore, only254
the variability of the surcharge pressure has no significant effect on either the horizontal or vertical forces.255
We conclude that only the surcharge pressure can be considered as a deterministic variable and the variability256
of the soil-tool adhesion and the other variables must be integrated into the probabilistic analysis of tillage257
forces.258
4.3Quantifying the variability of tillage forces for the shank of a chisel plough:259
Histograms and PDFs of the horizontal and vertical forces are shown in Fig. (8). The probabilistic260
characteristics of these forces are presented in Table (3). From a statistical viewpoint, these results are in261
accord with the central limit theorem (Ang and Tang, 1975). The majority of the horizontal and vertical force262
values are found to range between 0.5 and 6 kN and between 0.2 and 3 kN , respectively. The shape263
parameters of the horizontal and vertical forces areߦൌ ͲǤͶͶͻ , ߦൌ ͲǤͶͶ͹, respectively. This means that the264
dispersions of these forces are very important and should be taken into consideration in the reliability265
analysis. Furthermore, the horizontal and vertical force values were positive for each set of tillage system266
parameters. In fact, the vertical force value depends on the rake angle. The positive vertical forces can be267
attributed to the rake angle of 45° considered in this study. Zhang and Kushwaha (1995) and Godwin (2007)268
reported that the vertical force becomes negative when the rake angle is larger than 60°.269
The correlation coefficient between the horizontal and vertical forces is found to beߩ( ுܲ ǡܲ ௏) = 0.93. This270
means that the relationship between the two forces is positive and quasi-linear, as illustrated in Fig. (9). In271
reality, the horizontal force ுܲ and vertical forceܲ௏ are calculated by combining the total force with the force272
of adhesion (McKyes, 1985). The effect of the total force on the horizontal and vertical forces is greater than273
the effect of the adhesion force such that the value of correlation coefficient is close to one. The correlation274
between ுܲ andܲ௏ don’t reflect a causal relation between these forces but it is due to the fact that these275
forces were calculated according to Equations (3) and (4).276
4.4 Failure probability evaluation:277
The results obtained by the MCS technique and the FORM method for the failure probability are almost278
identical, for the assumption of non-correlation,ܲ௙ିெ ஼ௌ = 1.07 × 10ିଷǡܲ ௙ିிைோெ = 1 × 10ିଷ, and279
correlation, ௙ܲିெ ஼ௌ = 1.5 × 10ିଷǡܲ ௙ିிைோெ = 1.47 × 10ିଷ existing between the tillage forces, Table (4).280
This is due to the quasi-linearity of the limit state function at the design point (Zhao and Ono, 1999). In281
addition, the correlation between the horizontal and vertical forces has no significant effect on the failure282
probability. Therefore, it is concluded that the FORM method can be used to estimate the failure probability,283
without taking into account the correlation between the horizontal and vertical forces, with sufficient284
accuracy. This makes the estimation of failure probability simpler and less time-consuming (Haldar and285
Mahadevan; 2000b), as compared to MCS calculations. This is because the calculation of the failure286
probability using the MCS technique requires one million iterations, while the SQP algorithm needs only a287
few iterations (between 6 and 10 iterations) to find the design point and calculate the failure probability.288
289
5. Conclusions290
This work aimed at proposing a probabilistic approach for modeling the variability of tillage forces by taking291
into account the variability of soil engineering properties, tool design parameters and operational conditions.292
This approach was implemented for modeling the variability of tillage forces for the shank of a chisel plough.293
The results allow us to draw the following conclusions:294
1- The soil engineering properties do not have the same probability distributions and only the internal friction295
angle has a normal distribution.296
2- The effect of the variability of soil cohesion on both the vertical and horizontal forces is the largest as297
compared with the effects of the variability of the other tillage system parameters. In addition, only the298
variability of the surcharge pressure has no significant effect on either the horizontal or vertical forces.299
3- Both the horizontal and vertical forces have lognormal distributions with ߤ ൌ ͲǤͺ ͹ʹ ǡߦൌ ͲǤͶͶͻ and300
ߤ ൌ ͲǤͲͲͶǡߦൌ ͲǤͶͶ͹ for the horizontal and vertical forces, respectively. The relationship between the301
horizontal and vertical forces is positive and quasi-linear withߩ( ுܲ ǡܲ ௏) = 0.93.302
4- The MCS technique and the FORM method provide nearly identical results for the failure probability,303
although the FORM method led to simpler and faster calculations, when assuming non-correlation between304
the tillage forcesሺܲ ௙ = 1.47 × 10ିଷ). Correlations between the vertical and horizontal forces only slightly305
changed the reliability level.306
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Appendix I: Samples of soil engineering properties400
The following table presents the samples of soil engineering properties (soil specific weightߛ, soil401
cohesionܿ, angle of internal friction߶, angle of soil-tool frictionߜ, soil-tool adhesionܿ௔), collected from the402
literature, used in this work.403
N˚ ߛ(݇ܰ ݉ ଷ⁄ ) ܿ(݇ܲ ܽ) ߶ (°) ߜ (°) ௔ܿ (݇ܲ )ܽ
1 14.70 4.60 37.5 22.0 0.00
2 10.80 0.00 34.0 22.0 0.00
3 14.61 8.90 23.3 18.8 0.00
4 15.01 2.26 35.0 23.0 00.0
5 15.70 3.63 35.0 23.0 0.00
6 14.70 4.60 35.0 23.0 0.00
7 15.30 10.5 30.8 24.0 0.00
8 19.00 31.7 42.0 24.0 0.00
9 16.38 6.00 32.0 24.0 0.00
10 14.02 23.0 22.0 22.0 8.00
11 18.05 20.4 34.0 25.0 0.00
12 16.98 15.5 31.8 23.0 0.00
13 15.79 15.3 30.3 22.0 0.00
14 16.98 15.5 31.8 23.0 0.00
15 14.34 7.19 34.5 23.5 3.29
16 11.50 33.5 37.3 27.3 9.40
17 11.00 35.3 29.8 25.2 8.10
18 14.50 6.30 36.0 23.3 2.20
19 13.20 11.9 33.1 22.1 2.70
20 14.70 2.00 30.0 15.2 7.66
21 14.12 6.00 35.0 20.0 0.00
22 16.38 6.00 32.0 24.0 0.00
23 13.73 .009 35.0 29.0 0.00
24 14.02 23.0 22.0 22.0 8.00
25 13.23 9.23 29.0 22.0 0.00
26 14.71 12.1 30.2 22.3 0.18
27 14.91 13.3 29.6 23.6 0.21
28 15.30 24.5 36.5 24.7 0.29
29 15.01 22.6 34.5 23.1 0.35
30 14.62 20.5 32.2 24.0 0.31
31 13.05 6.70 39.3 23.8 0.60
32 14.22 11.7 36.8 24.0 8.30
33 12.50 5.00 35.0 24.5 3.25
34 12.80 10.2 38.0 22.0 5.27
35 13.50 11.0 32.5 24.8 3.22
36 12.50 5.00 35.0 24.5 3.21
37 12.75 8.60 32.6 22.4 0.00
38 12.75 7.00 31.4 13.1 0.00
39 12.75 9.30 29.2 14.4 0.00
40 14.72 22.7 29.3 16.0 0.00
41 14.72 17.0 30.6 18.9 0.00
42 14.72 16.0 30.9 15.6 0.00
43 14.72 11.7 30.8 25.0 0.00
44 14.72 8.10 31.4 19.8 0.00
45 14.72 9.20 30.8 18.3 0.00
46 16.19 19.5 37.6 11.9 0.00
47 16.19 30.7 26.6 13.3 0.00
48 16.19 20.3 30.8 24.0 0.00
49 16.19 18.6 27.4 24.1 0.00
50 16.19 13.2 28.4 21.6 0.00
51 16.19 13.9 29.1 20.9 0.00
52 17.66 16.7 33.5 23.0 0.00
53 17.66 22.0 29.2 15.9 0.00
54 17.66 12.8 29.8 17.2 0.00
55 17.66 11.6 30.9 18.8 0.00
56 19.62 29.9 28.8 19.9 0.00
57 19.62 21.3 27.1 14.8 0.00
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Appendix ІІ: Tillage forces-tillage system parameters relationships 415
− Horizontal force [kN] − Vertical force [kN]
Tillage forces-tillage system parameters relationships
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Figures416
417
Fig. 1 – Proposed method for modeling the variability of soil engineering properties418
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432
433
Fig. 2 - The concept of estimating the effects of input random variable dispersion (ܡ, input random variable;434
݂ሺܡሻ, output random variable; ݕ௠ ௔௫, ݕ௠ ௜௡, confidence interval bounds; ௠݂ ௔௫, ௠݂ ௜௡, maximum and minimum435
values of output variable in confidence interval; ͳͲͲሺͳെ ߙሻΨ , confidence interval of input variable)436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
20
458
Fig. 3 – Flow chart of the steps involved in estimating the variability of tillage forces based on the459
variability of tillage system parameters460
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468
Fig. 4 - Illustration of a five-shank chisel plough (tine width ; rake angle ; tillage469
depth ; tool speed )470
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Fig. 5 - The concept of the reliability index in normalized space (ࡼ∗, design point; ߚ, reliability index;493
ܪ({ܠ}, {ܝ}) = 0, limit state function in normalized space)494
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Fig. 6 - A schematic drawing of the chisel plough shank with acting forces (519
)520
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Fig. 7 - Histograms and probability density functions for soil engineering properties
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541
Fig. 8 - Histograms and probability density functions for horizontal and vertical forces
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Fig. 9 - Correlation of tillage forces557
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576
Table 1 Probabilistic characteristic of soil engineering properties577
Soil engineering properties Type of distribution Distribution parameters
Soil specific weight, kN. mିଷ Lognormal ߦ= 0.13,ߤ = 2.7
Soil cohesion, kPa Weibull (2P) ݇ = 15.51,ߣ= 1.66
Internal friction angle, deg Normal ݉ = 32,ߪ = 3.96
Soil-tool friction angle, deg Weibull (3P) ߝ= −64.08,߬= 87.14,߱ = 31.52
Soil-tool adhesion, kPa Exponential ߟ= 0.76
ߦandߤ are the shape and scale parameters of a lognormal distribution; ߝǡ߬ and ߱ are, respectively, the578
location, scale and shape parameters of a Weibull distribution;݉ , ߪ are, respectively, the location and scale579
parameters of a normal distribution; ߟ is the scale parameter of a exponential distribution.580
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Table 2 Results of sensitivity analyses using differential sensitivity method and the proposed600
sensitivity method601
Soil tillage parameters
Differential sensitivity method Proposed sensitivity method
߲ ுܲ
߲ݕ௜
× 10ି଺ ߲ ௏ܲ
߲ݕ௜
× 10ି଺ ∆ ுܲ , kN ∆ ௏ܲ, kN
Soil specific weight, kN. mିଷ 13.224 5.7921 0.414 0.181
Soil cohesion, kPa 24.114 10.563 4.020 1.763
Soil-tool adhesion, kPa 0.0517 -0.0082 0.145 -0.023
Internal friction angle, deg 47.852 20.984 0.741 0.325
Soil-tool friction angle, deg 40.789 -6.4631 1.164 -0.171
Rake angle, deg 200.76 -19.923 0.199 -0.019
Tillage depth, m 1.2217 0.5334 0.963 0.418
Tool width, m 1.5080 0.5965 0.011 0.004
Surcharge pressure, kPa 0.0005 0.0002 0.002 0.001
Forward speed, m. sିଵ 1.7708 0.7766 0.208 0.091
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Table 3 Probabilistic characteristics of tillage forces616
Force type Distribution type Distribution parameters
ுܲ , kN Lognormal ߤ = 0.872,ߦ= 0.449
௏ܲ , kN Lognormal ߤ = 0.004,ߦ= 0.447
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Table 4 Calculating failure probabilities using Monte Carlo simulation (MCS) and the first-order644
reliability method (FORM)645
Failure probability, ௙ܲ
Uncorrelated
variables
MCS 1.07 × 10ିଷ
FORM 1.00 × 10ିଷ
Correlated
variables
MCS 1.50 × 10ିଷ
FORM 1.47 × 10ିଷ
646
